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1. Introduction
The Salié numbers S2n [1, p. 242] are defined by
∞∑
n=0
S2n
x2n
(2n)! =
cosh x
cos x
=
( ∞∑
n=0
x2n
(2n)!
)/( ∞∑
n=0
(−1)nx2n
(2n)!
)
.
We know that 12S2n is the number of the permutations σ = x1x2 · · · x2n such that for some 1 ≤ k ≤ n, x1x2 · · · x2k is
alternating (x1 < x2 > x3 < · · ·) and x2k · · · x2n is monotone (x2k < · · · < x2n). In 2006, Guo and Zeng [2] introduced three
q-analogues of Salié numbers S¯2n(q), Sˆ2n(q) and S˜2n(q), which are defined by
∞∑
n=0
S¯2n(q)
x2n
(q; q)2n =
( ∞∑
n=0
x2n
(q; q)2n
)/( ∞∑
n=0
(−1)n x
2n
(q; q)2n
)
,
∞∑
n=0
Sˆ2n(q)
x2n
(q; q)2n =
( ∞∑
n=0
q2nx2n
(q; q)2n
)/( ∞∑
n=0
(−1)n x
2n
(q; q)2n
)
,
∞∑
n=0
S˜2n(q)
x2n
(q; q)2n =
( ∞∑
n=0
qn
2
x2n
(q; q)2n
)/( ∞∑
n=0
(−1)n x
2n
(q; q)2n
)
,
where
(x; q)n =
{
(1− x)(1− xq) · · · (1− xqn−1), if n ≥ 1,
1, if n = 0.
And later Prodinger [3] studied several versions of q-Salié numbers defined by appropriate q-enumerations of permutations.
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Carlitz [4] proved that S2n are divisible by 2n. Define
Q¯n(q) =
∏
r≥1
Φ4r(q)b n2r c,
Qˆn(q) =
{
Q¯n(q), if n is even,
(1+ q2)Q¯n(q), if n is odd,
and
Q˜n(q) = (1+ q)(1+ q2) · · · (1+ qn),
whereΦn is the nth cyclotomic polynomial and bxc = max{z ∈ Z : z ≤ x}. According to some computations, Guo and Zeng
conjectured that for each n ≥ 1,
S¯2n(q) ≡ 0 (mod Q¯n(q)), Sˆ2n(q) ≡ 0 (mod Qˆn(q)), S˜2n(q) ≡ 0 (mod Q˜n(q)),
where the above congruences are considered over the polynomial ring Z[q].
Pan and Sun [5] proved that S˜2n(q) is divisible by Q˜n(q). In this paper, we shall prove the other two congruences. Define
two kinds of the q-Salié numbers S¯n(q) and Sˆn(q) by
∞∑
n=0
S¯2n(q)
x2n
(q; q)2n =
 ∞∑
n=0
q
(
2n
2
)
x2n
(q; q)2n
/ ∞∑
n=0
(−1)nq
(
2n
2
)
x2n
(q; q)2n
 ,
∞∑
n=0
Sˆ2n(q)
x2n
(q; q)2n =
 ∞∑
n=0
q
(
2n
2
)
−2nx2n
(q; q)2n
/ ∞∑
n=0
(−1)nq
(
2n
2
)
x2n
(q; q)2n
 .
Theorem 1.1. Suppose that n is a positive integer. Then
S¯2n(q) ≡ 0 (mod Q¯n(q)) (1.1)
and
Sˆ2n(q) ≡ 0 (mod Qˆn(q)). (1.2)
Let us explain why S¯2n(q) ≡ 0 (mod Q¯n(q)) implies S¯2n(q) ≡ 0 (mod Q¯n(q)). Clearly,
∞∑
n=0
S¯2n(q)
x2n
(q; q)2n =
( ∞∑
n=0
x2n
(q; q)2n
)/( ∞∑
n=0
(−1)n x
2n
(q; q)2n
)
=
 ∞∑
n=0
q−
(
2n
2
)
(−q−1x)2n
(q−1; q−1)2n
/ ∞∑
n=0
(−1)nq−
(
2n
2
)
(−q−1x)2n
(q−1; q−1)2n

=
∞∑
n=0
S¯2n(q−1)
(−q−1x)2n
(q−1; q−1)2n =
∞∑
n=0
q
(
2n
2
)
S¯2n(q−1)
x2n
(q; q)2n .
Hence S¯2n(q) = q
(
2n
2
)
S¯2n(q−1). Write S¯2n(q) = Q¯n(q)P(q). Notice that
Φ4r(q) =
∏
1≤s≤4r
(s,4r)=1
(
q− e 2pi is4r
)
=
∏
1≤s≤4r
(s,4r)=1
(
1− e 2pi is4r q
)
,
since
∏
1≤s≤4r
(s,4r)=1
e
2pi is
4r = 1. SoΦ4r(q) = qdegΦ4rΦ4r(q−1) for each r ≥ 1, and Q¯n(q) = qdeg Q¯n Q¯n(q−1). Thus we get
S¯2n(q) = q
(
2n
2
)
S¯2n(q−1) = q
(
2n
2
)
Q¯n(q−1)P(q−1) = Q¯n(q)q
(
2n
2
)
−deg Q¯nP(q−1).
Since the constant term of Q¯n(q) is non-zero, we must have that Q¯n(q) divides S¯2n(q). Similarly, it is not difficult to see that
Sˆ2n(q) ≡ 0 (mod Qˆn(q)) implies Sˆ2n(q) ≡ 0 (mod Qˆn(q)).
The proof of Theorem 1.1 will be given in the next section.
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2. Proof of Theorem 1.1
Lemma 2.1. Let n ≥ 1 be an integer. Then
(−q; q)2n ≡ 0 (mod Qˆn(q)). (2.1)
Proof.
(−q; q)2n =
2n∏
j=1
(1+ qj) =
2n∏
j=1
q2j − 1
qj − 1 =
∏
n<j≤2n
(q2j − 1)∏
1≤j≤2n
2-j
(qj − 1) =
∏
n<j≤2n
∏
d|2j
Φd(q)∏
1≤j≤2n
2-j
(qj − 1) .
For each 1 ≤ r ≤ n/2, clearlyΦ4r(q) - qj − 1 for any 2 - j. Noting that
|{n+ 1 ≤ j ≤ 2n : 2r | j}| ≥
⌊ n
2r
⌋
,
we have
(−q; q)2n ≡ 0 (mod Φ4r(q)b n2r c).
Therefore Q¯n(q) divides (−q; q)2n. Furthermore, if n is odd, clearly,
|{n+ 1 ≤ j ≤ 2n : 2 | j}| = n+ 1
2
=
⌊n
2
⌋
+ 1,
we get
(−q; q)2n ≡ 0 (mod Φ4(q)b n2c+1). 
Lemma 2.2. Let n be a positive integer. Then
(i; q)2n ≡ 0 (mod (1− iq)δQ¯n(q)) (2.2)
and
(−i; q)2n ≡ 0 (mod (1+ iq)δQ¯n(q)), (2.3)
where i = √−1 and δ = 1 or 0 according to whether n is odd or not.
Proof. Clearly,
(i; q)2n = (1− i)
2n−1∏
k=1
(1− iqk) = (1− i)
2n−1∏
k=1
k∏
l=1
(
1− e 2pi i(4l−3)4k q
)
.
And we have∏
r≥1
Φ4r(q)b n2r c =
∏
1≤r≤n/2
∏
1≤s≤4r
(s,4r)=1
(
1− e 2pi is4r q
)b n2r c
.
Thus for any fixed 1 ≤ r ≤ n/2 and 1 ≤ s ≤ 4r with (s, 4r) = 1, we only need to compute∣∣∣∣{(k, l) : 1 ≤ k ≤ 2n− 1, 1 ≤ l ≤ k, 4l− 34k = s4r
}∣∣∣∣ .
Notice that 4l−34k = s4r if and only if there exists 1 ≤ t ≤ (2n− 1)/r such that 4l− 3 = st and k = rt . Hence∣∣∣∣{(k, l) : 1 ≤ k ≤ 2n− 1, 1 ≤ l ≤ k, 4l− 34k = s4r
}∣∣∣∣ = ∣∣∣∣{1 ≤ t ≤ ⌊2n− 1r
⌋
: st ≡ 1 (mod 4)
}∣∣∣∣
≥
⌊⌊ 2n−1
r
⌋+ 1
4
⌋
=
⌊
2n− 1+ r
4r
⌋
≥
⌊ n
2r
⌋
.
In particular, if r = 1 and n is odd, clearly,
|{1 ≤ t ≤ 2n− 1 : t ≡ 1 (mod 4)}| = n+ 1
2
=
⌊n
2
⌋
+ 1.
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Hence
(i; q)2n ≡ 0 (mod (1− iq)b n2c+1).
Since (−i; q)2n = (i; q)2n, 1+ iq = 1− iq and all coefficients of Q¯n(q) are real, (2.3) easily follows from (2.2). 
For n ≥ k ≥ 0, define the q-binomial coefficient[n
k
]
q
= (q; q)n
(q; q)k(q; q)n−k .
Corollary 2.1.
n∑
k=0
(−1)kq
(
2k
2
) [
2n+ 1
2k
]
q
≡ 0 (mod Q¯n(q)) (2.4)
and
n∑
k=0
(−1)kq
(
2k
2
)
−2k
[
2n+ 1
2k
]
q
≡ 0 (mod Qˆn(q)). (2.5)
Proof. By the q-binomial theorem (cf. [6, Corollary 10.2.2(c)]), we know that
n∑
k=0
(−1)kq
(
2k
2
) [
2n+ 1
2k
]
q
= 1
2
(
2n+1∑
k=0
ikq
(
k
2
) [
2n+ 1
k
]
q
+
2n+1∑
k=0
(−i)kq
(
k
2
) [
2n+ 1
k
]
q
)
= (−i; q)2n+1 + (i; q)2n+1
2
.
Thus (2.4) immediately follows from (2.2) and (2.3).
And we have
n∑
k=0
(−1)kq
(
2k
2
)
−2k
[
2n+ 1
2k
]
q
= 1
2
(
2n+1∑
k=0
ikq
(
k
2
)
−k
[
2n+ 1
k
]
q
+
2n+1∑
k=0
(−i)kq
(
k
2
)
−k
[
2n+ 1
k
]
q
)
= (−iq
−1; q)2n+1 + (iq−1; q)2n+1
2
= iq
−1(1− iq)(−i; q)2n − iq−1(1+ iq)(i; q)2n
2
.
By (2.2) and (2.3), we get (2.5). 
Lemma 2.3. We have
x
1− q +
∞∑
n=1
(−q; q)2n (−1)
nx2n+1
(q; q)2n+1 =
 ∞∑
k=0
(−1)kq
(
2k
2
)
x2k
(q; q)2k
( ∞∑
l=0
(−1)lx2l+1
(q; q)2l+1
)
.
Proof. ∞∑
k=0
(−1)kq
(
2k
2
)
x2k
(q; q)2k
( ∞∑
l=0
(−1)lx2l+1
(q; q)2l+1
)
=
∞∑
n=0
(−1)nx2n+1
(q; q)2n+1
n∑
k=0
q
(
2k
2
) [
2n+ 1
2k
]
q
= 1
2
∞∑
n=0
(−1)nx2n+1
(q; q)2n+1
(
2n+1∑
k=0
(−1)kq
(
k
2
) [
2n+ 1
k
]
q
+
2n+1∑
k=0
q
(
k
2
) [
2n+ 1
k
]
q
)
= 1
2
∞∑
n=0
(−1; q)2n+1 (−1)
nx2n+1
(q; q)2n+1
=
∞∑
n=0
(−q; q)2n (−1)
nx2n+1
(q; q)2n+1 .
This concludes the proof. 
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Proof of Theorem 1.1. We use induction on n to prove (1.1) and (1.2). It is easy to verify (1.1) when n = 1, 2. Assume that
n > 2 and (1.1) holds for any smaller value of n.
In view of Lemma 2.3, we have( ∞∑
n=0
S¯2n(q)
x2n
(q; q)2n
)(
x
1− q +
∞∑
n=1
(−q; q)2n (−1)
nx2n+1
(q; q)2n+1
)
=
 ∞∑
k=0
q
(
2k
2
)
x2k
(q; q)2k
( ∞∑
l=0
(−1)lx2l+1
(q; q)2l+1
)
=
∞∑
n=0
(−1)nx2n+1
(q; q)2n+1
n∑
k=0
(−1)kq
(
2k
2
) [
2n+ 1
2k
]
q
,
i.e.,
∞∑
n=0
S¯2n(q)
1− q2n+1
1− q
x2n+1
(q; q)2n+1 +
∞∑
n=1
x2n+1
(q; q)2n+1
n∑
k=1
(−1)k(−q; q)2k
[
2n+ 1
2k
]
q
S¯2(n−k)(q)
=
∞∑
n=0
(−1)nx2n+1
(q; q)2n+1
n∑
k=0
(−1)kq
(
2k
2
) [
2n+ 1
2k
]
q
.
Comparing the coefficient of x2n+1 in the above equation, we get
1− q2n+1
1− q S¯2n(q)+
n∑
k=1
(−1)k(−q; q)2k
[
2n+ 1
2k
]
q
S¯2(n−k)(q) = (−1)n
n∑
k=0
(−1)kq
(
2k
2
) [
2n+ 1
2k
]
q
. (2.6)
By Corollary 2.1, Q¯n(q) divides the right side of (2.6). So we only need to prove
n∑
k=1
(−1)k(−q; q)2k
[
2n+ 1
2k
]
q
S¯2(n−k)(q) ≡ 0 (mod Q¯n(q)),
since (Q¯n(q), 1− q2n+1) = 1. It suffices to show that for every 1 ≤ k ≤ n and 1 ≤ r ≤ n/2,
(−q; q)2k
[
2n+ 1
2k
]
q
S¯2(n−k)(q) ≡ 0 (mod Φ4r(q)b n2r c).
By the induction hypothesis,
S¯2(n−k)(q) ≡ 0 (mod Φ4r(q)
⌊
n−k
2r
⌋
).
And by Lemma 2.1,
(−q; q)2k ≡ 0 (mod Φ4r(q)
⌊
k
2r
⌋
).
Furthermore, by [2, Proposition 2.2], we have[
2n+ 1
2k
]
q
≡ 0 (mod Φ4r(q)),
provided that
⌊ 2n+1
4r
⌋ = ⌊ 2k4r ⌋+ ⌊ 2n+1−2k4r ⌋+ 1. Hence
(−q; q)2k
[
2n+ 1
2k
]
q
S¯2(n−k)(q) ≡ 0 (mod Φ4r(q)
⌊
n−k
2r
⌋
+
⌊
k
2r
⌋
+δ
),
where δ = ⌊ 2n+14r ⌋−(⌊ 2k4r ⌋+ ⌊ 2n+1−2k4r ⌋). Clearly ⌊ 2n+14r ⌋ = ⌊ n2r ⌋ and ⌊ 2n+1−2k4r ⌋ = ⌊ n−k2r ⌋. Hence ⌊ n−k2r ⌋+⌊ k2r ⌋+δ = ⌊ n2r ⌋.
This concludes the proof of (1.1).
Let us turn to (1.2). Clearly (1.2) is true when n = 1, 2. Assume that n > 2 and (1.2) holds for any smaller value of n.
With the help of Lemma 2.3, we can get
1− q2n+1
1− q Sˆ2n(q)+
n∑
k=1
(−1)k(−q; q)2k
[
2n+ 1
2k
]
q
Sˆ2(n−k)(q) = (−1)n
n∑
k=0
(−1)kq
(
2k
2
)
−2k
[
2n+ 1
2k
]
q
. (2.7)
By the induction hypothesis, Q¯n−k(q) divides Sˆ2(n−k)(q) for each 1 ≤ k ≤ n. Hence by a similar discussion in the proof of
(1.1), we know that both
n∑
k=1
(−1)k(−q; q)2k
[
2n+ 1
2k
]
q
Sˆ2(n−k)(q)
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and
n∑
k=0
(−1)kq
(
2k
2
)
−2k
[
2n+ 1
2k
]
q
are divisible by Q¯n(q). Thus we only need to show that (1+ q2)Q¯n(q) divides Sˆ2n(q)when n is odd.
Suppose that n is odd. If k is even, then by the induction hypothesis, (1+q2)Q¯n−k(q)divides Sˆ2(n−k)(q). Hence (1+q2)Q¯n(q)
divides∑
1≤k≤n
2|k
(−1)k(−q; q)2k
[
2n+ 1
2k
]
q
Sˆ2(n−k)(q).
If k is odd, then by Lemma 2.1, (1+ q2)Q¯k(q) divides (−q; q)2k. So we also have that (1+ q2)Q¯n(q) divides∑
1≤k≤n
2-k
(−1)k(−q; q)2k
[
2n+ 1
2k
]
q
Sˆ2(n−k)(q).
This concludes the proof. 
Acknowledgement
We are grateful to Professor Zhi-Wei Sun for his helpful discussions on this paper.
References
[1] I.P. Goulden, D.M. Jackson, Combinatorial Enumeration, Dover Publications, Inc., Mineola, NY, 2004, Reprint of the 1983 original.
[2] Victor J.W. Guo, J. Zeng, Some arithmetic properties of the q-Euler numbers and q-Salié numbers, European J. Combin. 27 (2006) 884–895.
[3] H. Prodinger, Helmut, q-enumeration of Salié permutations, Ann. Comb. 11 (2007) 213–225.
[4] L. Carlitz, The coefficients of cosh x/ cos x, Monatsh. Math. 69 (1965) 129–135.
[5] H. Pan, Z.W. Sun, On q-Euler numbers, q-Salié numbers and q-Carlitz numbers, Acta Arith. 124 (2006) 41–57.
[6] G.E. Andrews, R. Askey, R. Roy, Special Functions, Cambridge University Press, Cambridge, 1999.
